We study the tangent cone to the variety V k m of rank one local systems on a finite CW-complex for which the dimension of k-dimensional cohomology is at least m. This cone is related to the space of certain complexes of abelian groups with differential induced by the cup product. In particular, for an arrangement of hyperplanes, the set of 1-forms for which the corresponding Aomoto complex has k-dimensional Betti number greater or equal to m is a union of linear spaces.
Introduction
Local systems on topological spaces contain much information about their homotopy types. We are interested exclusively in the case of rank one local systems. Such a local system is just a character of the fundamental group and hence the moduli space of such local systems by itself is very simple: it is the torus H 1 (X, C * ) where X is the topological space in question. This torus has, however, an interesting system of subvarieties V k m (X), consisting of the local systems L with the property that rk H k (X, L) m.
The case k = 1 has attracted much attention in a somewhat different context: V 1 m depends only on the fundamental group π 1 (X) and the amount of information contained in V 1 m is very close to that carried by the Alexander invariants of π 1 (X) (cf. [12] for discussion of this comparison where these varieties V 1 m were called the characteristic varieties of X, cf. also [10] ). In special cases, e.g., when X is a complement to a link in a sphere (cf. [9] ) or E-mail address: libgober@math.uic.edu (A. Libgober). 1 Partially supported by a NSF grant. a complement to an algebraic curve in a projective plane (cf. [12] ), particularly detailed results were obtained.
In the case when X is a quasiprojective algebraic variety, subvarieties V k m ⊂ H 1 (X, C * ) have a very simple structure: each V k m is a union of translated subtori 2 of H 1 (X, C * )
(cf. [6, 16, 1] ). This simplifies substantially the problem of finding the varieties V k m explicitly. In special situations mentioned above, i.e., links in spheres or plane algebraic curves, indeed, V k m can be related to other interesting information about X. E.g., in the case of curves, V 1 m can be found in terms of local types of singularities of the curve and their position in the plane. A similar description in terms of position of singularities and the local type, as well as relation to the homotopy groups, also was given for k > 1 in the case when X is a hypersurface in projective space with isolated singularities, cf. [11] .
In the case when X is a complement to an arrangement A of hyperplanes in P n , there is a combinatorial method for finding components of V 1 m having a positive dimension and containing the identity. It is based on the study of the space of Aomoto complexes. The latter are the complexes of the form (X, in fact, can be any finite CW-complex):
where
In the case when X is a complement to an arrangement, it was shown that V 1 m is a union of linear subspaces of H 1 (X, C) (as was suggested in [5] ) which are in one to one correspondence with the components of V 1 m having a positive dimension and containing the identity of the torus H 1 (X, C * ) cf. [4, 12] . 3 The purpose of this note is to present a proof for a similar relation between the varieties V k m and V k m for k > 1. It is based on the arguments in [6] , where the authors study the cohomology of holomorphic line bundles on non singular projective varieties and [7] where, among other things, the restrictions on Kähler groups were obtained (cf. also [8] ). In fact one can relate arbitrary components of V k m having positive dimension to the space of complexes which are twisted version of (1) i.e., complexes of the form:
More precisely this note contains a proof of the following:
) be a rank one local system on a finite CWcomplex X which belongs to a component of the variety
In particular V k m has singularities at the intersection points of components. 3 A generalization of to the case when X is a complement to a union of rational curves in P 2 was given in [2] where the author constructs a complex detecting the components of V 1 m starting from equations of irreducible components of these curves. In the case when X is a quasiprojective algebraic variety the tangent cone to V k m at L η and V k m (η) coincide. Complete arguments will be presented elsewhere. Here we shall state this only in a special case when X is a complement to an arrangement of hyperplanes and L η is the trivial local system.
Corollary 1.2. Let X be the complement to an arrangement of hyperplanes in C
n . Then the set of v ∈ H 1 (X, C) with the property that the rank of the kth cohomology group of the complex
is greater than m is a union of linear spaces.
. 5 In the case k = 1 it yields the results of [4] and theorem (5.4) of [12] . Also, a result similar to Corollary 1.2 was obtained in [3] .
Preliminaries
To fix notations let us recall first the basic definitions related to local systems (for more details cf. [14] ). A local system of rank one on a topological space X is a character η : π 1 (X) → C * of the fundamental group. The cohomology of a local system can be calculated as the cohomology of the complex:
where X is the universal abelian cover of X,
4 A. Suciu pointed out that an example when the subspace is proper is contained in the thesis of Matei [15] (cf. also Proposition 2.4 of this thesis). 5 For a discussion of relation between V k m and V k m and information about the latter cf. [13] .
is a chain complex of X (with coefficients in C), C η is a 1-dimensional over C space considered as a H 1 (X, Z)-module using the character η and d k (η) is the map of
is torsion free (which we shall assume for simplicity unless otherwise specified) having rank r, and c k = rk C k (X) then C k ( X) can be chosen as a free module of rank c k over
. After a choice of generators for H 1 (X, Z) the ring Λ can be identified with the ring of Laurent polynomials C[ t 1 , t The local systems on X are parametrized by the torus
and the Lie algebra of H 1 (X, C * ) can be identified with H 1 (X, C). This yields the identification of the tangent space T η at η ∈ H 1 (X, C * ) with H 1 (X, C).
Definition 2.1. The derivative complex (cf. [6] ) of the complex (4) at a point η of the torus Spec C[ H 1 (X, Z)] in the direction of the tangent vector v ∈ H 1 (X, C) is the complex:
induced by
The latter operator is obtained by the differentiation of entries of the transposition of d k+1 in the direction of v at the point η.
Definition 2.2.
A family of local systems on a space X parametrized by a topological space D is a homomorphism
where C(D) is a ring of functions on D.
For any p ∈ D we have a local system on X obtained by composition of homomorphism (6) with evaluation C(D) * → C * at p.
From this point of view, the local system This map is a differentiation. In particular, for a vector v in the tangent space at η, this homomorphism is given by
The homomorphism C[ Z r ] → C[ ε]/ε 2 allows to view C[ ε]/ε 2 as a C[ Z r ]-module with the multiplication by f given by the right hand side of (7). On the other hand, the group of units in C[ ε]/ε 2 is isomorphic to the group of upper triangular 2 × 2 matrices with equal eigenvalues via a + bε → a b 0 a . Therefore a family over Spec C[ ε]/ε 2 corresponding to (η, v), where v is a tangent to Spec C[ H 1 (X, Z)] at η vector, is equivalent to a 2-dimensional representation of H 1 (X, Z) (denoted below (C[ ε]/ε 2 ) η,v ). In other words, such a family is equivalent to a rank two local system on X (denoted below L (η,v) ). This rank two local system fits into the exact sequence: 
Lemma 2.3. (1) The coboundary operator of the cohomology sequence corresponding to (8) coincides with the differential
d k D η,v : H k (L η ) → H k+1 (L η ) of
the derived complex. (2) The coboundary operator of the cohomology sequence corresponding to
We shall denote this coboundary operator in (9) as δ • . Let φ be a k-cocycle of L η . We need to check the following:
modulo coboundaries:
Ifφ is a lift of φ into Hom
In the case rk C k ( X) = rk C k+1 ( X) = 1 this follows since the Λ-module structure on C[ ε]/ε 2 is given by (7) and the general case follows from the rank one case since the modules of chains are Λ-free. Since φ is a cocycle d k+1 φ = 0 and the ε-component of d k+1 (φ + εψ) is δ k (φ) this yields the claim. (2) The coboundary operator of the long exact sequence corresponding to (8) is the cup product with the extension class defining (8) . Under the identification Ext 1 (L η , L η ) = H 1 (X, C) this extension class is equal to v. This yields the claim. ✷
Tangent cones
Recall that the Zariski tangent space to an algebraic variety V at a point η is the subset of Hom(Spec C[ ε]/ε 2 , V ) consisting of morphisms taking the closed point of Spec C[ ε]/ε 2 to η. Recall also, that the tangent cone to V at a point η is a subset of the Zariski tangent space to V given by the initial forms of the defining equation of V at η or
where M η is the maximal ideal of η and I V is the ideal of V .
The result of this section is the following:
Proof. The proof, which we give for completeness, follows [6] closely. First, note that the condition θ ∈ V k m is equivalent to
Hence if
Therefore V k m is the set of zeros of the ideal:
] generated by the a × a minors in the matrix of d k .
The tangent cone to V k m at η hence is the homogeneous ideal in
Similarly
, has as its set of zeros the cone
In the latter formula I a (δ k ) is the ideal defined by the vanishing of the determinants in the matrix of the map
have the same rank we can rewrite the ideal I in a form more suitable for comparison of its zero set with the tangent cone for the zero set of I:
Let r = rk d k (η). In the bases e 1 , . . . , e r , . . . , e b k and f 1 , . . . , f r , . . . , f b k−1 , chosen in C k ( X) and C k−1 ( X), respectively so that at η one has d k (e i ) = f i for i = 1, . . ., r and d k (e i ) = 0 for i = r + 1, . . . , b k , the matrix of d k has the form: 
for appropriate polynomials in the local parameters of η. The matrix ofδ k (dual toδ k ) is:
A minor of size a × a in M(d k ) can have a leading term of degree a − r only if it contains the first r rows and columns and has a bigger degree otherwise. This term of degree a − r is the leading term of a minor of an order (a − r) × (a − r) in the matrix M(δ k ). Hence the graded component of degree a − r in the ideal generated by the minors of size a × a in M(d k ) is the same as the graded component of degree a − r in the ideal generated by minors of order a − r in the matrix of M(δ k ): gr a−r I a (V k m ) = gr a−r I a−r (δ k ) (the degree and the grading in I(V k m ) is taken with respect to the local parameters of η as in (13)).
This implies that the graded component of degree h − m + 1 in the ideal of I(V k m ) is equal to the graded component of the same degree in the ideal I . The claim follows since I is generated by polynomials of degree h − m + 1 (because all entries of M(δ k ) are linear and not all of them are zeros if m is such that dim H k (L θ ) = m at a generic point of V k
Examples of arrangements with non-trivial
Let A be an arrangement in P n and L a local system such that L ∈ V k m (A) but L / ∈ V i 1 for i k − 1. The simplest example of such is the generic arrangement with the local system corresponding to the character of the fundamental group taking non trivial values on generators dual to the hyperplanes of the arrangement. Let B be an arrangement in P n+m such that for some subspace B ∈ B the projection π from B onto P n has as its discriminant the arrangement A and is a locally trivial fibration (with fiber being the complement to an arrangement in P m ). Then rk H k (P n+m − B, π * (L)) m. In particular π * (L) ∈ V k m (π * (L)). Indeed, let us consider the Leray spectral sequence corresponding to π :
Since, by projection formula R q * π(π * (L)) = L ⊗ R q * (C), H i (L) = 0 for i < k and R q * (C) = H q (π −1 (p)) for a generic p ∈ P n −A, we see that H k (π * (L)) = E k,0 2 = H k (L) and the claim follows.
For example, one can start with a generic arrangement and consider either the cone over it or delete several hyperplanes which intersections belong to the hyperplane of the cone (to keep projection a local trivial fibration). This construction in the case when B is an arrangement of lines produces non-essential (cf. [12] ) components corresponding to points of B having multiplicity greater than 2. This construction also includes the case of products of affine arrangements.
